Abstract-A pure quantum state is called k-uniform if all its reductions to k-qudit are maximally mixed. We investigate the general constructions of k-uniform pure quantum states of n subsystems with d levels. We provide one construction via symmetric matrices and the second one through the classical error-correcting codes. There are three main results arising from our constructions. First, we show that for any given even n ≥ 2, there always exists an n/2-uniform n-qudit quantum state of level p for sufficiently large prime p. Second, both constructions show that there exist k-uniform n-qudit pure quantum states such that k is proportional to n, i.e., k = (n) although the construction from symmetric matrices in general outperforms the one by error-correcting codes. Third, our symmetric matrix construction provides a positive answer to the open question on whether there exists a 3-uniform n-qudit pure quantum state for all n ≥ 8. In fact, we can further prove that, for every k, there exists a constant M k such that there exists a k-uniform n-qudit quantum state for all n ≥ M k . In addition, by using the concatenation of algebraic geometry codes, we give an explicit construction of k-uniform quantum state when k tends to infinity.
I. INTRODUCTION
Q UANTUM entanglement appears in many areas of quantum information theory including quantum communications [2] , [3] , [27] , quantum computing [19] , [20] , [31] and quantum key distribution [22] . Quantum entanglement theory is developed to determine which states are entangled and which are separable. In bipartite entanglement, the simplest is a bipartite pure state. To determine whether this pure state is separable, we just diagonalize its reduced density matrix. But it is still NP-hard to determine separability in a bipartite system [14] . In the general problem of multipartite entanglement, besides separability and entanglement, there are many types of partial separability which complicates this problem. Although there are some attempts to detect genuine multipartite entanglement [16] , [18] , there are still many open problems in this area.
One of the intriguing problems is to investigate highly entangled states of several qubits [4] - [6] , [12] , [15] , [21] , [24] , [26] , [30] . Reduced states which are maximally mixed was considered in [7] and [8] . This idea was further developed by Arnaud and Cerf [1] . They proposed the concept of k-multipartite maximally entangled pure states or k-uniform for short, i.e., any k-partite reduced state is maximally mixed.
It was shown in [28] that an n-qudit pure quantum state | of level d is k-uniform if and only if | is a pure ((n, 1, k + 1)) d quantum error-correcting code. Using this connection the author was able to construct some k-uniform pure quantum states through stabilizer quantum codes obtained from classical self-dual codes. In [10] , a connection between k-uniform pure quantum states and orthogonal arrays was established and several classes of k-uniform states were constructed. More precisely, the following results were obtained in [10] .
• There exist k-uniform (d + 1)-qudit states of d levels whenever d ≥ 2 and k ≤ d+1
.
• There exist 2-uniform n-qudit states of 2 levels whenever n ≥ 5.
• There exist 3-uniform (2 m + 2)-qudit states of 2 m levels whenever m ≥ 2.
• There exist (2 m − 1)-uniform (2 m + 2)-qudit states of 2 m levels whenever m = 2 or 4. In addition, some k-uniform n-qudit states of d levels were also given for some small values of k, n, d.
In this paper, we first provide an equivalent definition for k-uniform quantum states through a map from Z n d to the complex numbers C. Based on this equivalent definition, we first derive a construction of k-uniform quantum states by using symmetric matrices. Again starting from this equivalent definition, we present the second construction that makes use of classical error-correcting codes with good minimum distance and dual distance. There are three main results arising from our constructions. Firstly, we show that for any given even n ≥ 2, there always exists an n/2-uniform n-qudit quantum state of level p for sufficiently large prime p. Secondly, both numerical and theoretical results reveal that their exist k-uniform n-qudit pure quantum states such that k is proportional to n, i.e., k = (n) although the construction 0018-9448 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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from symmetric matrices outperforms the one by errorcorrecting codes. Thirdly, our symmetric matrix construction provides a positive answer to the open question in [10] on whether there exists a 3-uniform n-qudit pure quantum states for all n ≥ 8. In fact, we can further prove that, for every k, there exists a constant M k such that there exists a k-uniform n-qudit quantum state for all n ≥ M k . In addition, by using concatenation of algebraic geometry codes, we give an explicit construction of k-uniform quantum state when k tends to infinity. Both numeric and theoretic results reveal that the matrix construction is in general better than the one by classical error-correcting codes. The paper is organized as follows. In Section II, we introduce the basic definition of k-uniform quantum states and present an equivalent definition. By this equivalent definition, we propose two different constructions of k-uniform quantum states in Section III. In Section IV, we investigate the case where n is small by presenting some tables and a few other results. In the last section, we discuss the case where n tends to infinity, i.e., its asymptotic behavior through our construction. In addition, in this section we also provide an explicit construction of k-uniform quantum states based on our construction through error-correcting codes.
II. PRELIMINARIES ON k-UNIFORM QUANTUM STATE

A. Definition
To simplify coefficients, throughout this paper, all quantum states are normalized, i.e., | = 1. A k-uniform n-qudit quantum state has the property that, after tracing out all but k qudits, we are left with the maximally mixed state for any k-tuple of qudits. This means that all information about the system is lost after removal of n − k or more qudits. Precisely speaking, a pure quantum state of n subsystems of level d is called k-uniform (or k-maximally entangled) if every reduction to k qudits is maximally mixed. Let us give a mathematical definition.
The density matrix of a quantum state | = Let A = {3, 4}. Then an easy computation shows that the density matrix ρ A is 1 4 (|00 00| + |01 01| + |10 10| + |11 11|). One can also verify that the density matrix ρ A has the same form for all other subsets A with |A| = 2. By definition, | is 2-uniform.
The well-known Greenberger-Horne- 
where (c A , cĀ) stands for the vector c with emphasis on projection of c on A andĀ. Proof: If | is k-uniform, by tracing out any n − k qudits, the k-qudit reduced density matrix is proportional to the identity matrix. We fix a subset A of {1, 2, · · · , n} with
where (c A , cĀ) is written according to the order of A and A. Denote by ρ the density matrix of | , i.e., ρ = | |. Consider the reduced state
Since | is k-uniform, the reduced state ρ A is proportional to the identity matrix. The sum of diagonal elements of ρ A is 1 which implies that
Vice versa, we have the desired result.
III. CONSTRUCTIONS OF k-UNIFORM QUANTUM STATES
A. Matrix Construction
Based on Lemma 1, we first provide a construction of k-uniform quantum states through symmetric matrices. Our map ϕ is in fact a quadratic function. We first prove a lemma that is needed for our construction. 
Denote by g the greatest common divisor gcd (a 1 , a 2 , . . . , a m ) .
Let ζ d denote a dth primitive root of unity in C. For two subsets A, B ⊆ {1, 2, . . . , n} and a matrix Proof:
Hence, 
, where H = ( h i j ) with h i j = h i j for i < j and 0 otherwise.
Proof: In this case, H A×Ā has an invertible submatrix H A×B for some subset B ofĀ with |B| = k. The desired result follows from Theorem 3.
Example 2: Based on Theorem 3, we provide two examples for 1-uniform 2-qudit quantum states, with level 4 and the other with level 6. In both cases, the matrix is given by
The quantum state of level 4 corresponding to this matrix is | = 1 4 (|00 + |10 + |20 + |30 + |01
The quantum state of level 6 corresponding to this matrix 
Then ψ can be naturally extended to a bijection:
Definition 2: Let p be a prime and let a, n, k be positive integers. Partition the set {1, . . . , an} into n subsets 
Proof: We follow the notation in Definition 2, e.g.,
Hence,
H S×S is a non-zero vector over Z p , since H S×S has full rank. By Lemma 2 and the fact that ψ is a bijection, ((c 1 , . . . , c n )) = (ψ (c 1 mod p a ), . . . , ψ(c n mod p a ) ), where ψ is defined as before. 
The proof is completed.
B. Construction From Codes
The second construction applies Lemma 1 to linear codes with good minimum distance and dual distance. As our 
c∈C |c is k-uniform n-qudit quantum state of level p. Proof: As is normalized, we have | is equal to 1. Define the map ϕ from Z n p to C given by ϕ(x) = 1/ √ |C| if x ∈ C and 0 otherwise. Consider a subset A of {1, 2, · · · , n} with |A| = k.
Since (i) The construction in Theorem 7 is just a special case of the construction from irredundant orthogonal arrays given in [10] . Here we take the Euclidian inner product and use a linear code. (ii) In general, the constructions in Theorem 3 and Theorem 4
give better results than the one in Theorem 7. We will see this in Sections 4 and 5. (iii) For the construction in Theorem 7, we require linear codes with both good minimum distance and dual distance. Algebraic geometry codes provide an excellent family of codes with good minimum distance and dual distance [29] . We will illustrate examples by algebraic geometry codes later in this section and the next two sections.
Corollary 8: If there exists a p-ary
[n, n/2, ≥ k + 1]-self- dual code,
then (i) there exists a k-uniform n-qudit quantum state of level p;
(ii) there exists a (k −1)-uniform (n −1)-qudit quantum state of level p. Proof: Part (i) follows from Theorem 7 immediately. For Part (ii), let C be a p-ary [n, n/2, ≥ k + 1]-self-dual code. Without loss of generality, we may assume that there is a codeword c of C such that the last coordinate is not zero. Let C 1 consist of all codewords of C whose last coordinates are zero. Then C 1 is a p-ary linear code of dimension n/2 −1, length n and minimum distance at least k + 1. Delete the last coordinate of C 1 to obtain a p-ary [n − 1, n/2 − 1, ≥ k + 1]-linear code C 2 . It is clear that the dual code C ⊥ 2 is the code obtained from C ⊥ by deleting the last coordinate. It is clear that C ⊥ 2 is a p-ary [n − 1, n/2, ≥ k]-linear code. Applying Theorem 7 to C 2 gives the desired result of Part (ii).
Remark 3: (i) Self-dual codes have been used to construct k-uniform quantum states in [10] and [28] . However, as we remarked, the construction in Theorem 4 gives better results than the one in Theorem 7. Consequently, the construction in Theorem 4 gives better results than those from self-dual codes. (ii) In fact, Theorem 7 does not require codes to be selfdual. We now give an example showing that Theorem 7 can give a better k-uniform quantum state than those from self-dual codes. We illustrate this by algebraic geometry codes in the following example. Example 3: We refer to [29] for background on algebraic curves over finite fields and algebraic geometry codes. It is well known that an algebraic curve over the Galois field GF(q) of q elements with n rational points and genus g gives a q-ary linear code C with parameters [n, k, n −k +1 − g] and its dual
(i) By the online [16, 8, 7] code C and its dual code C ⊥ also has parameters [16, 8, 7] . By Theorem 7, we get a 6-uniform 16-qudit quantum state of level 7. On the other hand, the optimal 7-ary self-dual code of length 16 has minimum distance 6 (see the online table [13] Define
where N p a (n, k) is given in (2) . Proof: We follow our notation in Definition 2, i.e., A i = {(i − 1)a + 1, . . . , ia} for 1 ≤ i ≤ n. Given a subset A ∈ {1, . . . , n} of size k, let S = i∈ A A i . We want to lower bound the probability that the submatrix H S,S of a random symmetric matrix H ∈ M an×an (Z p ) has rank ka. Since H S,S is a random matrix without any constraint, such probability
By the union bound, the probability that there exists a subset A of size k such that H S,S has rank less than ka is upper bounded by N p a (n, k) . Hence, the probability that H S,S has rank ka for every subset A of size k is at least 1 − N p a (n, k) 2 First of all, the total number of (ak) × (a(n − k)) matrices over F p is p a 2 k(n−k) . Secondly, to count the total number of (ak) × (a(n − k)) matrices over F p with rank ak, we choose a nonzero vector u 1 
A. Small k
In [28] , it was proved that for any n ≥ 5, there exists a 2-uniform n-qudit quantum state of level 2. By using the above corollary, we can extend this result largely. For instance, we have the following result. 
This implies that for fixed p, a and k, there exists
Then the first statement of our theorem follows from Theorem 11.
A simple calculation shows that N 2 (n, 3) < 1 for all n ≥ 12, N p (n, 3) < 1 for all n ≥ 8. By computer search, we find that k n (2) ≥ 3 for 8 ≤ n ≤ 11 (see Table I below). This completes the proof of Part (i).
The similar arguments apply to the proof of Parts (ii) and (iii).
B. p = 2, 3, 5, 7
Through computer search, we are able to find some lower bounds on k d (n). Due to our computation limitation, n is limited to 24 or smaller. Table I provides lower bounds on k p (n) via construction of Theorem 4. The entries with "-" in Table I means that our computation limit does not allow us to find a reasonable lower bound for the corresponding k p (n). 
Asterisks in Table I indicate that the quantum states from our matrix construction are better than those given by the above Gilbert-Varshamov bound (i.e., the parameters with asterisks in Table I do not satisfy the Gilbert-Varshamov bound). In addition, we would like to point out that our matrix construction works for any integers d ≥ 2, while the stabilizer code construction works only for prime powers. Table I provides lower bounds on k p (n) only for prime levels p. As our Theorem 3 and Theorem 6 work well for composite levels d, we give Table II below showing lower bounds k d (n) for d = 4, 6, 8 and 9. Although Theorem 6 provides us with better asymptotic result, Theorem 3 performs better for some small n. We pick a better one between our two matrix constructions. Due to our computation limitation, we compute k d (n) only up to n = 10.
The following Table III shows lower bounds on k d (n) via our Corollary 8 and Theorem 7. Some of the entries in Table III are obtained via Corollary 8 from those bestknown self-dual codes in the online table [13] , while some others are obtained from Theorem 7 through algebraic geometry codes and computer search. In particular, all entries for p = 7 are obtained from algebraic geometry codes. Note that in Table III Theorem 7 also provides an explicit construction of k-uniform quantum states as well. We give an example below.
Example 4: We provide two pure k-uniform quantum states given in Tables I and III, respectively. As our constructions are explicit, the quantum states can be explicitly written down as long as the corresponding matrices or codes are provided. 
The corresponding quantum state for the above matrix is 3-uniform and given as follows. 
C. Large Level p
The main purpose of this subsection is to prove that, for any given even n, we have k p a (n) = n/2 for sufficiently large prime p and every positive integer a. . Thus,
The desired result follows.
V. THE CASE WHERE n IS LARGE For a fixed d ≥ 2, to see how k d (n) varies as n tends to infinity, we define the following asymptotic quantity.
Definition 4: For a given integer d ≥ 2, define the asymptotic quantity
Obviously, λ d ≤ 1/2. Again, we will study some lower bounds on λ d by constructing k-uniform n-qudit quantum states of level d via our results in Section 3. In addition, we give existence bounds and constructive bounds on λ d separately. As one can expect, constructive bounds are usually worse than existence bounds.
A. Existence Bounds on λ d
We first provide an existence bound via Lemma 9. For any integer d ≥ 2, the d-ary entropy function is defined by 
then N p a (n, k) < 1.
Since λ − ∈ (0, λ), we have
the equation (4) holds in the limit as n tends to infinity. This implies that λ p d ≥ λ − for all ∈ (0, λ). Letting tend to 0 gives the desired result. Remark 7: Once again, the asymptotic result also shows that our matrix constriction given in Theorem 4 is in general better than the one from self-dual codes given in Theorem 7.
B. Constructive Bounds on λ p
Definition 5: Let p be a prime and let r ≥ 2 be an integer. An This means that π(C) and π ⊥ (C ⊥ ) are orthogonal. Furthermore, it is easy to see that the sum of their dimensions over Z p is rn. This completes the proof.
It is a well-known result from algebraic geometry codes that, for any prime power q, there exists a family of q 2 (see [29] 
